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MEASURE OF FULL DIMENSION FOR SOME
NONCONFORMAL REPELLERS
NUNO LUZIA
ABSTRACT
Given (X, T ) and (Y, S) mixing subshifts of nite type suh that (Y, S) is a fator of (X, T ) with
fator map pi : X → Y , and positive Hölder ontinuous funtions ϕ : X → R and ψ : Y → R, we
prove that the maximum of
hµ◦pi−1 (S)R
ψ ◦ pi dµ
+
hµ(T ) − hµ◦pi−1(S)R
ϕdµ
over all T -invariant Borel probability measures µ on X is attained on the subset of ergodi mea-
sures. Here hµ(T ) stands for the metri entropy of T with respet to µ. As an appliation, we
prove the existene of an ergodi invariant measure with full dimension for a lass of transforma-
tions treated in [GP1℄, and also for the transformations treated in [L1℄, where the author onsiders
nonlinear skew-produt perturbations of general Sierpinski arpets. In order to do so we establish
a variational priniple for the topologial pressure of ertain nonompat sets.
1. Introdution
The problem we are interested in is the omputation of Hausdor dimension
of invariant sets for dynamial systems, and moreover the existene of an ergodi
invariant measure on the invariant set with full dimension. We are partiularly
interested in the ase of a map f and f -invariant sets Λ suh that f |Λ is expanding.
Even in this ase, it is still a widely open problem only solved in great generality
when f |Λ is expanding and onformal, due to the thermodynami formalism in-
trodued by Sinai, Ruelle and Bowen (see [B2℄, [B3℄, [R2℄): there is a formula in
terms of the pressure funtion for the Hausdor dimension, and there is an ergodi
invariant measure of full dimension whih is a Gibbs state.
In the nononformal setting the omputation of Hausdor dimension is more del-
iate due to the existene of several rates of expansion, and no suh general formula
exists. In [L1℄ we onsider a lass of skew-produt expanding maps of the 2-torus
of the form f(x, y) = (a(x, y), b(y)) satisfying inf |Da| > sup |Db|, and onsider
invariant sets Λ whih possess a simple Markov struture, proving the variational
priniple for Hausdor dimension, i.e the existene of ergodi invariant measures
on Λ with dimension arbitrarily lose to the dimension of Λ. Now beause of the
nonlinearity of the maps the problem of nding a maximizing ergodi measure turns
into another nontrivial problem. This is beause although we have a sequene of
ergodi invariant measures whose dimension onverges to the dimension of the in-
variant set, the map µ 7→ dimH µ is not in general upper-semiontinuous. In [L2℄
we exhibit an open lass of repellers, that possess a dominating spliting that is not
too strong, for whih there is an ergodi measure of full dimension. This is done
by showing that the methods of Heuter and Lalley [HL℄, who prove the validity of
Faloner's formula (see [F2℄) for an open lass of self-ane transformations, extend
to nonlinear transformations. In this work we prove the existene of an ergodi
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2 MEASURE OF FULL DIMENSION FOR SOME NONCONFORMAL REPELLERS
invariant measure with full dimension for the lass of transformations treated in
[L1℄, thus giving new insight for solving this kind of problem for nonlinear trans-
formations. The novelty is in reduing the problem to the the variational priniple
for the topologial pressure for ertain nonompat sets, whih we establish.
Now we give an overview of related results, ulminating in [L1℄ and this work.
The simplest examples of invariant sets for nononformal transformations are the
general Sierpinski arpets. These are invariant sets for transformations of the 2-
torus of the form f(x, y) = (lx,my), where l > m > 1 are integers, and are modeled
by a full shift. Bedford [Be℄ and MMullen [Mu℄ proved independently a formula
for the Hausdor dimension of these sets whih oinides with the dimension of a
Bernoulli measure. Later, Gatzouras and Lalley [GL℄ generalized these results for
ertain self-ane sets. Until then only sets modeled by a full shift were treated
when Kenyon and Peres [KP℄ onsidered expanding linear endomorphisms of the
d-torus whih are a diret sum of onformal endomorphisms, and proved that any
invariant set supports an ergodi invariant measure of full dimension, thus solving
the problem for these kind of transformations. Following [GL℄, Gatzouras and Peres
[GP1℄ onsidered nonlinear maps of the form f(x, y) = (f1(x), f2(y)), where f1 and
f2 are onformal and expanding maps satisfying inf |Df1| ≥ sup |Df2|, and showed
that, for a large lass of invariant sets Λ, there exist ergodi invariant measures
with dimension arbitrarily lose to the dimension of Λ. The methods used in this
work also provide an invariant ergodi measure with full dimension for a lass of
tranformations treated in [GP1℄.
The notion of topologial entropy for nonompat sets was introdued by Bowen
[B1℄. In [PP℄ Pesin and Pitskel introdued the notion of topologial pressure for
nonompat sets and proved the variational priniple for the topologial pressure
for ertain nonompat sets. The nonompat sets we are interested in are the
ones treated in [BS℄ and [TV℄ where they prove the variational priniple for the
topologial entropy for these sets.
Let us now state the main result. Given a ontinuous map T : X → X of a
ompat metri spae X , we use the following notation: M(T ) is the set of all T -
invariant Borel probability measures on X ;Me(T ) ⊂M(T ) is the subset of ergodi
measures; hµ(T ) is the metri entropy of T with respet to µ ∈M(T ).
Theorem A. Let (X,T ) and (Y, S) be mixing subshifts of nite type, and π : X →
Y be a ontinuous and surjetive mapping suh that π ◦ T = S ◦ π (S is a fator of
T ). Let ϕ : X → R and ψ : Y → R be positive Hölder ontinuous funtions. Then
the maximum of
hµ◦pi−1(S)∫
ψ ◦ π dµ
+
hµ(T )− hµ◦pi−1(S)∫
ϕdµ
(1)
over all µ ∈ M(T ) is attained on the set Me(T ).
Remark 1. Theorem A answers positively to Problem 2 raised in [GP2℄ for mixing
subshifts of nite type and Hölder ontinuous potentials. So, it applies to obtain an
invariant ergodi measure of full dimension for a lass of transformations treated
in [GP1℄.
Now we dene general Sierpinski arpet. Let T
2 = R2/Z2 be the 2-torus and
f0 : T
2 → T2 be given by f0(x, y) = (lx,my) where l > m > 1 are integers. The grid
of lines [0, 1]× {i/m}, i = 0, ...,m− 1, and {j/l}× [0, 1], j = 0, ..., l− 1, form a set
of retangles eah of whih is mapped by f0 onto the entire torus (these retangles
are the domains of invertibility of f0). Now hoose some of these retangles and
onsider the fratal set Λ0 onsisting of those points that always remain in these
hosen retangles when iterating f0. Geometrially, Λ0 is the limit (in the Hausdor
metri) of n-approximations : the 1-approximation onsists of the hosen retangles,
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the 2-approximation onsists in dividing eah retangle of the 1-aproximation into
l ×m subretangles and seleting those with the same pattern as in the begining,
and so on. We say that (f0,Λ0) is a general Sierpinski arpet.
Let (f0,Λ0) be a general Sierpinski arpet. There exists ε > 0 suh that if f is
ε− C1 lose to f0 then there is a unique homeomorphism h : T
2 → T2 lose to the
identity whih onjugates f and f0, i.e f ◦ h = h ◦ f0 (see [S℄).
Denition 1. The f -invariant set Λ = h(Λ0) is alled the f -ontinuation of Λ0.
Denition 2. Let S be the lass of C2 maps f : T2 → T2 of the form
f(x, y) = (a(x, y), b(y)).
Notation: dimH Λ and dimH µ stand for the Hausdor dimension of a set Λ and
a measure µ, respetively.
Then the following is proved in [L1℄.
Theorem 1. Let (f0,Λ0) be a general Sierpinski arpet. There exists ε > 0 suh
that if f ∈ S is ε− C2 lose to f0, and Λ is the f -ontinuation of Λ0, then
dimH Λ = sup{dimH µ : µ(Λ) = 1, µ is f -invariant and ergodi}.
Here we improve this result.
Theorem B. With the same hypothesis of Theorem 1, there exists an ergodi
invariant measure µ on Λ suh that
dimH Λ = dimH µ.
Morever, µ is a Gibbs state for a relativized variational priniple.
To prove these results we use the variational priniple for the topologial pres-
sure for ertain nonompat sets as we shall desribe now. Given a ontinuous
map T : X → X of a ompat metri spae,denote by P (ψ,K) the topologial pres-
sure assoiated to a ontinuous funtion ψ : X → R and a T -invariant set K (not
neessarly ompat), as dened in [PP℄. Let
Iψ =
(
inf
µ∈M(T )
∫
ψ dµ, sup
µ∈M(T )
∫
ψ dµ
)
.
Theorem C. Let (X,T ) be a mixing subshift of nite type, and ϕ, ψ : X → R
Hölder ontinuous funtions. For α ∈ R let
Kα =
{
x ∈ X : lim
n→∞
1
n
n−1∑
i=0
ψ(T i(x)) = α
}
.
If 0 /∈ ∂Iψ and α ∈ Iψ then
P (ϕ,Kα) = sup
{
hµ(T ) +
∫
ϕdµ : µ ∈M(T ) and
∫
ψ dµ = α
}
.
Morever, the supremum is attained at a unique measure µβ whih is the Gibbs state
with respet to the potential ϕ+ βψ, for a unique β ∈ R.
For denitions and basi results about dimension we refer the reader to the books
[F1℄ and [P℄.
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2. Proof of Theorem C
We start by proving the `moreover' part. We have, for all β ∈ R,
sup
{
hµ(T ) +
∫
ϕdµ : µ ∈ M(T ) and
∫
ψ dµ = α
}
= sup
{
hµ(T ) +
∫
ϕdµ+ β
∫
ψ dµ : µ ∈M(T ) and
∫
ψ dµ = α
}
− βα
≤ sup
{
hµ(T ) +
∫
ϕdµ+ β
∫
ψ dµ : µ ∈M(T )
}
− βα.
Now it is well known (see [B2℄) that the last supremum is uniquely attained at
the Gibbs state µβ assoiated to the potential ϕ+ βψ (for the lassial variational
priniple). So we must nd a unique β suh that
∫
ψ dµβ = α.
We use the abbreviation P (·) = P (·, X). It is proved in [R1℄ that P (·) is a real
analyti funtion on the spae of Hölder ontinuous funtions and that
d
dε
∣∣∣
ε=0
P (h1 + εh2) =
∫
h2 dµh1 ,
∂2P (h+ ε1h1 + ε2h2)
∂ε1∂ε2
∣∣∣
ε1=ε2=0
= Qh(h1, h2),
where Qh is the bilinear form dened by
Qh(h1, h2) =
∞∑
n=0
(∫
h1(h2 ◦ f
n) dµh −
∫
h1 dµh
∫
h2 dµh
)
, (2)
and µh is the Gibbs measure for the potential h. Moreover, Qh(h1, h1) ≥ 0 and
Qh(h1, h1) = 0 if and only if h1 is ohomologous to a onstant funtion. From this
we get that
d
dβ
∫
ψ dµβ =
d2
dβ2
P (ϕ+ βψ) = Qϕ+βψ(ψ, ψ) > 0 (3)
(the hypothesis α ∈ Iψ prevents ψ being ohomologous to a onstant). So we must
see that
lim
β→∞
∫
ψ dµβ = sup
µ∈M(T )
∫
ψ dµ, (4)
lim
β→−∞
∫
ψ dµβ = inf
µ∈M(T )
∫
ψ dµ. (5)
Proof of (4): We use the notation
p(β) ∼ q(β) (β →∞) means lim
β→∞
p(β)
q(β)
= 1.
We have that∫
ψ dµβ =
d
dβ
P (ϕ+ βψ) =
d
dβ
sup
µ∈M(T )
{
hµ(T ) +
∫
ϕdµ+ β
∫
ψ dµ
}
. (6)
Sine µ 7→ hµ(T ) +
∫
ϕdµ is bounded, it is easy to see that
sup
µ∈M(T )
{
hµ(T ) +
∫
ϕdµ+ β
∫
ψ dµ
}
∼ β sup
µ∈M(T )
∫
ψ dµ, (7)
so, using L'Hospital's rule applied to (6) and (7), we obtain (4). The proof of (5)
is similar.
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Now we prove equality with P (ϕ,Kα). As before, let µβ be the Gibbs state for
the potential ϕ + βψ where β is suh that
∫
ψ dµβ = α. Sine µβ is ergodi, by
Birkho's ergodi theorem we get that µβ(Kα) = 1 and this implies that (see [PP℄)
P (ϕ,Kα) ≥ hµβ (f) +
∫
ϕdµβ .
So we are left to prove
P (ϕ,Kα) ≤ P (ϕ+ βψ)− βα.
Given x ∈ X we use the notation x = (x1, x2, ..., xn, ...) and denote by [x1, ..., xn]
the ylinder set {y ∈ X : yi = xi, i = 1, ..., n}. Fix ε > 0 and, for eah N ∈ N,
dene nN (x), for x ∈ Kα, to be the least integer ≥ N for whih∣∣∣∣∣∣
1
nN (x)
nN (x)−1∑
i=0
ψ(f i(x)) − α
∣∣∣∣∣∣ < ε (8)
is satised. Then let C˜
(ε)
N onsist of all ylinders [x1, ..., xnN (x)] for x ∈ Kα. Notie
that C˜
(ε)
N is a ountable over of Kα, beause nN (x) < ∞ for eah x ∈ Kα and
beause there are only a ountable number of ylinders (of nite length) to begin
with. Now take C
(ε)
N to be a subover of C˜
(ε)
N onsisting of pairwise disjoint ylinders,
whih exists simply beause ylinders are nested. For eah C ∈ C
(ε)
N one has that
C = [xC1 , ..., x
C
nN (xC)
] for some xC ∈ Kα; xing suh an x
C
for eah C, we dene,
for λ ∈ R,
m(ϕ, λ, C
(ε)
N ) =
∑
C∈C
(ε)
N
exp(−λnN (x
C) + SnN (xC)ϕ(x
C)),
where
Snϕ(x) = sup
{
n−1∑
i=0
ϕ(f i(y)) : yi = xi, i = 1, ..., n
}
.
Then, it follows from the denition of topologial pressure (see [PP℄) that
sup
N∈N
m(ϕ, λ, C
(ε)
N ) <∞ =⇒ P (ϕ,Kα) ≤ λ.
Now, sine µβ is the Gibbs state for the potential ϕ+βψ, there are positive onstants
c1 and c2 (independent of ε and N) suh that, for every C ∈ C
(ε)
N ,
c1 ≤
µβ([x
C
1 ...x
C
nN (xC)
])
exp(−P (ϕ+ βψ)nN (xC) + SnN (xC)ϕ(x
C) + βSnN (xC)ψ(x
C))
≤ c2,
where Snϕ(x) =
∑n−1
i=0 ϕ(f
i(x)) (see [B2℄). Summing over C ∈ C
(ε)
N we obtain∑
C∈C
(ε)
N
exp(−P (ϕ+ βψ)nN (x
C) + SnN (xC)ϕ(x
C) + βSnN (xC)ψ(x
C)) ≤ c−11 . (9)
Sine ϕ is Hölder ontinuous, by a lassial argument of bounded distortion, there
exists a onstant c suh that, for every n ∈ N and x ∈ X ,
|Snϕ(x) − Snϕ(x)| ≤ c. (10)
So, using (8) and (10) in (9) we obtain
m(ϕ, P (ϕ+ βψ) − βα+ |β|ε, C
(ε)
N ) ≤ e
cc−11 ∀N ∈ N,
whih shows that P (ϕ,Kα) ≤ P (ϕ + βψ) − βα + |β|ε. Sine ε is arbitrarily small
we get
P (ϕ,Kα) ≤ P (ϕ+ βψ)− βα
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whih nishes the proof of Theorem C.
3. Main result
Let T : X → X and S : Y → Y be ontinous mappings of ompat metri spaes,
and π : X → Y be a ontinuous and surjetive mapping suh that π ◦ T = S ◦ π.
Then the relativized variational priniple (see [LW℄) says that, given ν ∈M(S) and
a ontinuous funtion ϕ : X → R,
sup
µ∈M(X)
µ◦pi−1=ν
{
hµ(T )− hν(S) +
∫
X
ϕdµ
}
=
∫
Y
P (T, ϕ, π−1(y)) dν(y), (11)
where P (T, ϕ, Z) denotes the relative pressure of T with respet to ϕ and a ompat
set Z ⊂ X . We say that µ is an equilibrium state for (11) if the supremum is attained
at µ.
Now if, moreover, (X,T ) and (Y, S) are mixing subshifts of nite type then,
aording to [DG℄, [DGH℄, there is a unique equilibrium state µ for (11) relative to
any ν ∈ M(S) and any Hölder ontinuous ϕ. Moreover, µ is ergodi if ν is ergodi.
Proof of Theorem A. Sine ϕ is positive then, given ν ∈M(S), there is a unique
real t(ν) ∈ [0, 1] suh that∫
Y
P (T,−t(ν)ϕ, π−1(y)) dν(y) = 0 (12)
(note that t 7→ P (T,−tϕ, π−1(y)) is stritly dereasing). Denote by µν the unique
equilibrium state for (11) relative to ν and −t(ν)ϕ. Then it follows from the
relativized variational priniple that, for µ ∈M(T ) suh that µ ◦ π−1 = ν,
hµ(T )− hν(S)∫
ϕdµ
≤ t(ν) (13)
with equality if and only if µ = µν . Put
D(µ) =
hµ◦pi−1(S)∫
ψ ◦ π dµ
+
hµ(T )− hµ◦pi−1(S)∫
ϕdµ
and
D = sup
µ∈M(T )
D(µ). (14)
Then it follows by (13) that
D = sup
ν∈M(S)
{
hν(S)∫
ψ dν
+ t(ν)
}
, (15)
and if this supremum is attained at ν0 ∈ Me(S) then the supremum in (14) is
attained at µν0 ∈Me(T ) as we wish.
It follows from (15) that
sup
ν∈M(S)
{
hν(S) + (t(ν) −D)
∫
ψ dν
}
= 0, (16)
and if this supremum is attained at ν0 ∈ Me(S) then so is the supremum in (15)
and thus the supremum in (14) is attained at µν0 ∈ Me(T ) as we wish. Let
t = inf
ν∈M(S)
t(ν) and t = sup
ν∈M(S)
t(ν).
If t = t then
D = sup
ν∈M(S)
hν(S)∫
ψ dν
+ t =
hν0(S)∫
ψ dν0
+ t(ν0),
MEASURE OF FULL DIMENSION FOR SOME NONCONFORMAL REPELLERS 7
where ν0 is the Gibbs state for the potential −Dψ whih is well known to be ergodi
(see [B3℄). Otherwise, the supremum in (16) an be rewritten as
sup
t≤t≤t
sup
ν∈M(S)
t(ν)=t
{
hν(S) +
∫
(t−D)ψ dν
}
. (17)
Aording to [DG℄, [DGH℄, there is a Hölder ontinuous funtion A−tϕ : Y → R
suh that ∫
logA−tϕ dν =
∫
P (T,−tϕ, π−1(y)) dν(y), (18)
so by (12),
t(ν) = t⇔
∫
logA−tϕ dν = 0.
So, the supremum in (17) an be rewritten as
sup
t≤t≤t
sup
{
hν(S) +
∫
(t−D)ψ dν : ν ∈M(S) and
∫
logA−tϕ dν = 0
}
. (19)
Now we see that we satisfy the hypotheses of Theorem B. The ase for whih this
supremum is attained at t or t will be treated in the end of the proof, so we assume
this does not our. If t ∈ (t, t) then there exists ν ∈ M(S) suh that t(ν) < t
whih implies that
inf
ν∈M(S)
∫
logA−tϕ dν ≤
∫
logA−tϕ dν =
=
∫
P (T,−tϕ, π−1(y)) dν(y) <
∫
P (T,−t(ν)ϕ, π−1(y)) dν(y) = 0.
In the same way we get that
sup
ν∈M(S)
∫
logA−tϕ dν > 0.
So, applying Theorem B we get that the intermediate supremum in (19) is attained
at the Gibbs measure (hene ergodi) νβ(t) for the potential (t−D)ψ+β(t) logA−tϕ,
and the value of this supremum is, with P (·) = P (·, Y ),
h(t) = P ((t−D)ψ + β(t) logA−tϕ), (20)
where β(t) is the unique real satisfying∫
logA−tϕ dνβ(t) = 0 i.e. t(νβ(t)) = t.
We shall see that the funtion (t, t) ∋ t 7→ h(t) is ontinuous.
We observe the following fat from [DG℄ (see Corollary 4.14, Remark 4.16 and
Proposition 5.5): If φ : X → R is Hölder ontinuous then there exist ontinuous
funtions Anφ : Y → R, n ∈ N, suh that A
n
φ → Aφ (in the uniform topology) and
φ 7→ Anφ is ontinuous. Moreover, if φ satises
|φ(x1)− φ(x2)| ≤ αd(x1, x2)
γ , x1, x2 ∈ X, (21)
then the speed of onvergene of Anφ → Aφ is exponential depending only on α and
γ. This implies that [0, 1] ∋ t 7→ A−tϕ is ontinuous.
Now we prove ontinuity of (t, t) ∋ t 7→ β(t). Let Hα,γ be the set of funtions
φ : Z → R satisfying (21), where Z is X or Y depending on the ontext.
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Proposition 1. Given α > 0 and γ ∈ (0, 1] there exists C > 0 suh that∣∣∣∣
∫
ψ dνφ1 −
∫
ψ dνφ2
∣∣∣∣ ≤ C‖φ1 − φ2‖, for every ψ, φ1, φ2 ∈ Hα,γ ,
where νφ is the Gibbs state for the potential φ.
Proof. Write φ2 = φ1 + δu where u = (φ2 − φ1)/‖φ1 − φ2‖ and δ = ‖φ1 − φ2‖.
Then, by [R1℄, we have that∣∣∣∣
∫
ψ dνφ1 −
∫
ψ dνφ2
∣∣∣∣ =
∣∣∣∣∂P (φ1 + tψ)∂t − ∂P (φ1 + δu+ tψ)∂t
∣∣∣∣
t=0
= δ
∣∣∣∣∂2P (φ1 + su+ tψ)∂t∂s
∣∣∣∣
t=0,s=ξ
= δQφ1(ψ, ξu),
for some ξ ∈ [0, δ], where Q is the bilinear form dened by (2). Now it is well known
(see Chapter 5, Exerise 4 of [R1℄) that the general term of the series dening Q
dereases at an exponential rate cθn for some c = c(α, γ) > 0 and 0 < θ = θ(α, γ) <
1. So take C = c/(1− θ). 
The following result follows from Theorem 2.10 and Equation (5.8) of [DG℄ ap-
plied to the onstant funtion 1.
Proposition 2. For any γ ∈ (0, 1] there exist η(γ) ∈ (0, 1] and Cγ > 0 suh that
if φ ∈ HD,γ then Aφ ∈ H
CγD exp(‖φ‖),η(γ)
.
Let
F (t, β) =
∫
logA−tϕ dν(t,β),
where ν(t,β) is the Gibbs sate for the potential (t−D)ψ+β logA−tϕ. By Propositions
1 and 2 together with the ontinuity of [0, 1] ∋ t 7→ A−tϕ, we onlude that (t, β) 7→
F (t, β) is ontinuous. Also, by [R1℄,
∂F
∂β
(t, β) = Q(t−D)ψ+β logA−tϕ(logA−tϕ, logA−tϕ) > 0, (22)
and, for eah t, β 7→ ∂F
∂β
(t, β) is ontinuous. Let t0 ∈ (t, t) and β0 = β(t0). Then
F (t0, β0) = 0 and given ε > 0 suiently small we get by (22) that
for t = t0, F (t, β0 − ε) < 0 and F (t, β0 + ε) > 0. (23)
By ontinuity, there is δ > 0 suh that (23) holds for all t ∈ (t0 − δ, t0 + δ). So, by
the intermediate value theorem, there is a unique β˜(t) ∈ (β0 − ε, β0 + ǫ) suh that
F (t, β˜(t)) = 0 for all t ∈ (t0 − δ, t0 + δ). By uniqueness we have β(t) = β˜(t), whih
implies that β(t) is ontinuous at t0.
Finally, the ontinuity of h(t) follows from the ontinuity of t 7→ A−tϕ and β(t),
together with |P (ϕ1) − P (ϕ2)| ≤ ‖ϕ1 − ϕ2‖ (see [R1℄). So if the supremum of
(t, t) ∋ t 7→ h(t) is attained at t∗ ∈ (t, t) then
D = D(µνβ(t∗)).
To nish, we must onsider the ases for whih the supremum in (17) is attained
at t or t. If the supremum is attained at t then
D ≤ sup
ν∈M(S)
hν(S)∫
ψ dν
+ t ≤
hν0(S)∫
ψ dν0
+ t(ν0) ≤ D,
where ν0 is the Gibbs measure for the potential −Dψ, so equality holds. Now
assume that the supremum is attained at t. Then by (16) and standard upper-
semiontinuous arguments we get a measure ν ∈M(S) suh that
hν(S) + (t−D)
∫
ψ dν = 0 and
∫
logA−tϕ dν = 0. (24)
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Let ν =
∫
να dα be the ergodi deomposition of ν. Sine
∫
logA−tϕ dνα ≤ 0
(beause t(να) ≤ t) and
∫ ∫
logA−tϕ dνα dα = 0, we get that
∫
logA−tϕ dνα = 0 i.e
t(να) = t for a.e α. Then using the formula for the ergodi deomposition for the
entropy in (24) we get∫ (
hνα(S) + (t(να)−D)
∫
ψ dνα
)
dα = 0.
Sine hνα(S) + (t(να)−D)
∫
ψ dνα ≤ 0 for every α, we get that
hνα(S) + (t(να)−D)
∫
ψ dνα = 0
for a.e. α, and thus D = D(µνα).

Remark 2. By the proof of Theorem A, if the supremum (17) is not attained at
the extremal points t and t, then the maximizing measures of (1) are given by µνβ(t)
where t is a zero (i.e. a maximizing point) of the funtion h dened by (20). So if
h is C2 and h′′ < 0 then (1) has a unique maximizing measure, whih is ergodi.
Note that, by (11), (18) and the lassial variational priniple,
P (logAϕ + ψ, Y ) = P (ϕ+ ψ ◦ π,X).
Is there some kind of relation for β logAϕ + ψ, β ∈ R?
Remark 3. In fat, (T,X) need not be a mixing subshift of nite type; what we
really need is F = (X,T, Y, S, π) to be a bred system whih is bre expanding and
topologially exat along bres as dened in [DG℄ or [DGH℄.
4. Measure of full dimension
Let f : T2 → T2, f(x, y) = (a(x, y), b(y)) and Λ suh that f(Λ) = Λ be as
in Theorem B. Let π : T2 → T1 be the projetion given by π(x, y) = y. Then
π ◦f = b◦π, and we are in the onditions of Theorem A with T ≡ f |Λ, S ≡ b|π(Λ),
ϕ ≡ log ∂xa and ψ ≡ log b
′
. (We have used ≡ instead of = beause to be more
preise one should use onjugaies to identify these maps; these onjugaies are
ontinuous, surjetive and bounded-to-one, and only fail to be a homeomorphism
when some elements of the Markov partition interset, whih auses no problem
when dealing with Hausdor dimension.)
Then, using the notation of the previous setion, the following is proved in [L1℄.
Theorem 2.
dimH Λ = sup
ν∈Me(b|pi(Λ))
dimH µν
and if ν ∈Me(b|π(Λ)) then
dimH µν =
hν(b)∫
log b′ dν
+ t(ν).
Remark 4. Even though the map
Me(b|π(Λ)) ∋ ν 7→ dimH µν
is upper-semiontinuous (see Remark 6 of [L1℄), we annot onlude there is an
invariant measure of full dimension beause the subset Me(b|π(Λ)) ⊂ M(b|π(Λ))
is not losed.
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Proof of Theorem B. By the proof of Theorem A,
sup
ν∈Me(b|pi(Λ))
{
hν(b)∫
log b′ dν
+ t(ν)
}
is attained at some ν0 ∈Me(b|π(Λ)). Then, by Theorem 2,
dimH Λ = dimH µν0 .

Remark 5. It follows from [LY℄ that, given µ ∈Me(f |Λ) with ν = µ ◦ π
−1
,
dimH µ =
hν(b)∫
log b′ dν
+
hµ(f)− hν(b)∫
log ∂xa dµ
.
Now by (13),
hµ(f)− hν(b)∫
log ∂xa dµ
≤ t(ν),
so
dimH µ ≤
hν(b)∫
log b′ dν
+ t(ν) = dimH µν
with equality i µ = µν . This shows that ergodi invariant measures of full dimen-
sion are obtain by our method.
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